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Symmetric Nearly Shift-Invariant
Tight Frame Wavelets

A. Farras Abdelnour, Member, IEEE, and Ivan W. Selesnick, Member, IEEE

Abstract— K -regular two-band orthogonal filterbanks have
been applied to image processing. Such filters can be extended
into a case of downsampling by two and more than two filters
provided that they satisfy a set of conditions. Such a setup al-
lows for more degrees of freedom but also at the cost of higher
redundancy. The latter depends directly on the number of the
wavelet filters involved. Tight frame filters allow the design of
smooth scaling functions and wavelets with a limited number of
coefficients. Moreover, such filters are nearly shift invariant, a
desirable feature in many applications. In this paper, we explore
a family of symmetric tight frame finite impulse response (FIR)
filters characterized by the relations H3(z) = Hy(—z) and
H>(z) = H:(—=z). They are simple to design and exhibit a
degree of near orthogonality, in addition to near shift invariance.
Both properties are desirable for noise removal purposes.

Index Terms—Denoising, frame, symmetric filterbanks, wavelet
transform.

1. INTRODUCTION

S is well known, two-band finite impulse response (FIR)

orthogonal filterbanks do not allow for symmetry except
for the Haar filterbank. In addition, imposing orthogonality for
the two-band FIR case requires relatively long filter support for
such properties as high smoothness of resulting scaling function
and wavelets and high approximation order. It is possible to ob-
tain both symmetry and orthogonality for the case of more than
two bands filterbanks (see, for example, [16], [19], and [27]),
but smooth scaling and wavelet functions still require relatively
long filters. For example, a Daubechies lowpass filter of length
8 possesses four zeros at z = —1 but lacks symmetry, while a
tight frame lowpass filter of similar length allows for five zeros
at z = —1, symmetry, and a visibly improved smoothness. In
addition, due to the critical sampling, orthogonal filters suffer a
pronounced lack of shift invariance.

The desirable properties can be achieved through the design
of tight frame filterbanks, of which orthogonal filters are a
special case. The redundancy of tight frame filters is such that
it allows for an approximate shift invariance behavior due to
the dense time-scale plane when compared with the case of
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orthogonal filters. In particular, the issue of shift invariance has
been addressed by Kingsbury in [17] and [18], where complex
wavelets with real and imaginary parts approximating Hilbert
pairs are proposed for noise removal. In addition to symmetry,
the proposed filterbanks are shorter and result in smoother
scaling and wavelet functions. The theory of tight frame is by
now well documented [4], [9], [10], [23]. In addition, two-
dimensional (2-D) dual wavelets tight frames are discussed in
[15]. Tight frame filterbanks (oversampled filterbanks) have
seen use in noise removal applications (see, for example, [3],
[8]1, [22], and [26]). The issue of tight frame wavelet design
has been undertaken by a number of papers (see, in particular,
[5], [21], and [25]). In more recent papers, Daubechies et al.
[11] discuss filterbanks based on spline and pseudo-spline tight
frames. In [6], Chui et al. address the design of shift-invariant
wavelets obtained after relaxing tight frame condition.

In this paper, we discuss the design of a bank of four tight
frame symmetric filters {hg, h1,ho, h3} taking on the form
H;3(z) = Ho(—z) and Hy(z) = Hy(—z) using Grobner
method [2], [7] and software Singular [14]. Additionally, it
turns out that such filters can be designed using spectral factor-
ization, as has been done in [5]. Examples using both methods
and representing new wavelets will be discussed.

The paper is organized as follows: In Section II, the tight
frame theory is briefly discussed. Issues such as lowpass filter
minimum length and filterbank redundancy, among others, are
addressed. In Section III, the family of tight frame filters
of the form Hj(z) = Ho(—z2) and Hs(z) = Hi(—=z) is
discussed. It is shown that they can be fully described through
the polyphase components Ho(z) and Hio(z). Furthermore,
given the (symmetric even length) lowpass filter Ho(z), it
is shown that the filters can be constructed starting with the
polyphase component Hgg(z). Section IV describes design
algorithm based on spectral factorization, which generates a
filterbank of four tight frame symmetric even length filters.
In Section V, different filterbanks are discussed as design
examples. We address filterbank design for Grobner method
as well as spectral factorization. In addition, an example depicts
an application of tight frame symmetric wavelets designed in
this paper to noise removal. Section VI compares the Grobner
method, with spectral factorization with the advantages and
drawbacks of both approaches, then concludes the paper.

II. PROPERTIES AND CONDITIONS

The theory of filterbanks and frames has been discussed and
analyzed (see, for example, [4], [9], and [10]). Here, we in-
troduce the basic concepts of frame theory. A set of wavelets
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1,2 =1... N — 1 constitutes a frame when for0 < A < B <
oo and any function f € L2, we have [10], [15]

N-1
ANFIP < YD I i@ - =) P < BII£I1?
=1 m,n

where A and B are known as frame bounds. The special case
of A = B is known as tight frame, and we obtain the following
spaces:

V; = Span{¢>(2jt —n)}
W, j = Span{t;(2/t —n)}, i=1...N-1
with
Vj = ijl @] lejfl U W27j71 U---u WNfl,jfl

and the corresponding scaling function and wavelets satisfy the
following multiresolution equations:

$(t) = V2D ho(n)p(2t —n)
$i(t) = V2 hi(n)p(2t —n), i=1...N -1,

Now, the bounds A and B take on the value [4]

1N—l
A=B=2 3 e
=0

A. Oversampled Filterbanks

The frame condition can be expressed in terms of oversam-
pled polyphase filters [30]. Given a set of N filters, we define
them in terms of their polyphase components:

Hi(2) = H; o(2*)+ 2 H; (%), i=0...N -1
where

HU(Z) :Zh,‘,(Zn—j)Z_n, jZO,l.

Now define the polyphase analysis matrix as

HO,(](Z)
Hl,o(z)

Ho,lgzg
Hl,l z
H(z) = )

Hn_10(z) Hn-11(2)

Now, if we define a signal X (z) in terms of its polyphase
components, then we have

x(2) = (Xo(z) Xi(2))"

where X;(z),7 = 0,1 is defined in terms of the time domain
signal z(n) as follows:
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Then, the overall output signal X (z) of the analysis/synthesis
filterbank can be expressed as

X(z)=(1 2z Y)HT(2*)H(27?)x(2?)

and to meet perfect reconstruction condition X (z) = X (z), we
require that

H'()H(z"') =1
or we obtain

B 1, ifi=5=0
ZHk,i(Z)Hk-,j(z = {0 otherwise
k 7 .

Alternately, [24] shows that a three-band tight frame filterbank
PR conditions can be expressed in terms of the Z-transforms of
the filters { kg, h1, ho}. It is easy to extend the PR conditions to
N filters downsampled by 2:

=2 (1

z71) =0. )

N-1

> Hy(2)Ho (2™

n=0

N-1

> Hy(—2)Ha(

n=0
Last, it is shown in [5] and [20] that a necessary condition for
the filterbank to exist is to have the filters H;(z),i =0... N—1
each satisfy the following inequality:

[Hi(2)]* + [Hi(=2)]* <2, [z =1. ©)

Notice that equality reduces to the traditional case of two-band
orthogonal filterbank.

B. Constraints on the Length of hg

It is shown in [24] that a three-band tight frame with down-
sampling by 2 and satisfying PR the minimum length of the low-
pass filter hg is subject to the condition

length hg > Ko + min(Ky, K») 4
where K is the number of zeros at z = —1 for the filter Hy(z),
and K; is the number of zeros at z = 1 for the filters H;(z),i =
1, 2. It is straightforward to extend condition (4) to the case of
N filters. In that case, we obtain for hy’s minimum length

length h() ZKg-l-min(Kl,Kz,...,KN_l). (5)
Now, given the lower bound (5) on length A, the additional
property of symmetry implies tighter constraint on the minimum
length. Indeed, assuming a symmetric tight frame lowpass filter
Ho(z) = (1 + 27H%0Qq(z) of even length Ny and with K
odd, we require that the factor Qo(z) of odd length Ny — K
be symmetric, or we require (Ng — K¢ — 1)/2 equations for
symmetry. Then, the minimum length of hy now takes on the
form

No— Ko —1

No > Ko +min(Kq, Ko, ..., Kn_1) + 5
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and we obtain the minimum length of a symmetric hg as follows:

lengthho2K0+2min(K1,Kg,...,KN_1)—1 6)

or in terms of ()o(z), we obtain

length qo > 2min(K17K2, - 7KN—1) - 1.

Clearly, the length of ¢q is partly determined by the lowpass
filter’s symmetry and the wavelets’ zero moments. In particular,
in the four-band case with K3 = Ky, Ko = K; + 1, the in-
equality (6) becomes

length ho > Ko+ 2K, —1
with equality achieved in case of minimum length filters.

C. Near Orthogonality

The near orthogonality of the spaces spanned by the resulting
tight frame filters and their shifts is observed. It will be seen that
there is an extent of near orthogonality to the filters’ even shifts
with respect to themselves as well as to other filters. This in turn
reflects the degree of orthogonality in the scaling and wavelets
functions {¢, ¥1, 12,13} and their integer shifts. We will use
6(hi, hj,m) to indicate the angle between two vectors h; and
h; shifted with respect to each other by m, defined as

B g m) = avcoos s =)

[[All - [Pl

D. Near Shift Invariance

As is well known, wavelet systems are in general not shift
invariant. However, such behavior can be approximated using
redundant sets of filters. Following Kingsbury [17], [18] to eval-
uate the extent of shift invariance at the :th stage, a discrete unit
step function u(n —ng),0 < ng < 2% — 1 is fed into an iterated
filterbank, with d being the number of stages. Then, the consis-
tency of the output due only to the lowpass filter at the dth stage
over all possible 2¢ shifts is observed. A similar procedure is
followed with the wavelet filters. Here, we consider the output
due to all three wavelet filters at the dth stage. It is desired that
the resulting outputs be as similar as possible for all shifts. It
will be shown that there is an extent of shift invariance in the
filters discussed in this paper.

E. Redundancy

A tight frame analysis system generates more data at the
output than at the input. The redundancy rate depends on
the number of filters N as well as the number of filtering
stages d. For a single-stage filterbank, the redundancy ratio
is R = (N/2). For multiple stages, we have the contribution
due to the lowpass filter and its following stages in addition
to the highpass/bandpass filters. As such, the redundancy ratio
at the ith stage is (N — 1)/2! in addition to the lowpass filter

contribution 1/2¢. At the analysis output, the latter is just 1/2.
Putting the above results together, we have

1 1 1 N
RZ(N—l)(§+2—2+"'+2d—1>+2—d
1 N
=(N-1) <1——2d_1>+—2d. @)

From (7), we have R — N — lasd — oo and R = (N/2)
for d = 1. It is clear that for a fixed N, (7) has monotonous
behavior. In general, the redundancy R is bounded by (N/2) <
R < N — 1. For the case of N = 4, we have R = 3 ford — o0,
while d = 4 results in R = 23/8 =~ 3.

F. Smoothness versus Ky

One of the advantages of tight frame filterbanks is the
possibility of achieving high Ky with an accompanying high
degree of smoothness v, without a necessarily large support of
hg, as will be seen shortly. We note that the orthogonal case,
on the other hand, has typically low smoothness for a given
K. It is shown in [28] that the highest possible derivative
v for a scaling function ¢( -) given the corresponding hg(n)
is bounded by vs < K. Smoothness is measured using the
Sobolev exponent of a scaling function ¢, which is defined
as [13], [31]

(@)= sup {ra: [~ DR+ o) do < oo}

J — 00

The actual computation of v is found using [16], and for the
normalization ) ho(n) = V2, we have

1
Vo = _5 10g2 /\max

where A ax is the largest eigenvalue of a matrix generated
by (c2i—j)-N<ij<n With ¢(2) = Qo(2)Qo(z ") and Qo(2)
known from Hy(z) = (1 + z71)KoQq(2).

III. CASE Hg(Z) = HO(—Z),HQ(Z) = Hl(—Z)

We now consider the particular case of a tight frame sym-
metric wavelet system consisting of two filters and their mod-
ulated versions. Such a system reduces the required degrees of
freedom, and in general, each filter covers distinct frequency
band. The resulting wavelets vary in the rate of oscillation,
allowing one to capture various features of a signal. In addition,
the accuracy K directly determines the number of moments
K3 of hz(n), with K3 = Kj. Two design methods are offered:
One method relies on Grobner basis, proposed in [2] and [7]
and can be used to design the filters, as depicted in Example
1. In the second method, we propose an alternative method
based on spectral factorization and exploiting the polyphase
structure of the filterbank to generate the filters starting with
Hyo(z). It is important to note that in the following deriva-
tion, we assume that the filters are of even length; thus, K|
is necessarily odd. Two filters are symmetric, and two are
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antisymmetric. Now, from H3(z) = Hzg(22) + 271 H31(2?)

and H3(z) = Ho(—z2), we have

Hg(Z) = H00(22) — Z_1H01(Z2).

Similarly, for Ha(z), we have
Hj(z)

= H10(2’2) - Z_1H11(2’2).

On the unit circle, we have H3(e’”) = Ho(e/“+™)) and

Hy(e7%) = Hy(e?@+™), but from (1), the following condition
needs to be satisfied, with z = e/«:

|Ho(¢7))? + |Hi(e’)? + | Ha(e7)” + |Ha(e?*)|? = 2
which gives [32]

. . 2
[HL(e72)[2 + | Hy (e )|

. . 2
= 2= [Ho(e™)? = | Ho(e/ )]

In the time domain, we have

ro(n) +r1(n) + ra(n) + r3(n) = 26(n)

where r;(n) is the autocorrelation of h;, defined as r;(n)
> hi(k)hi(k — n), or we have
(1+(=1)")(r

o(n) +r1(n)) = 26(n)

which reduces to
ro(2n) + r1(2n) = 6(n). 8)

The above equation suggests a dependence of the filter b (and,
thus, ho) on hg. Evaluating (8) at n = 0, and from r9(n)
(=1)"r1(n), we obtain

7"0(0) + 7"1(0) =1.
We also note that such a structure immediately implies that hg

and h are orthogonal to all their even shifts, and so are iy and
hy or

> hoto

This can be shown as follows:

Yha(n —2k) =0 VkeZ.
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or, with h01(m) = hoo(lo —1-

> (-
n: > ho(2m)ho(2m — 2k)

—mz ho(2m + 1)ho(2m + 1 — 2k)

- Zhoo

- }Loo(l(] —-1-

m), we have

1)"h0(n)h0(n — 2]{})

Yhoo(m — k)

m)hoo(lo —1—m+k)=0

where [y is given by o = lengthhgg. Orthogonality of h; and
hy can be proved similarly.

In the following, we state two main results of the paper [(9)
and (10)] with the proofs in the accompanying Appendix. All
filters are symmetric/antisymmetric and are of even length.

Ho(z) = Hoo(2?) + 2~ =Y Hyo(272)
Hi(z) = Hio(2?) + 2~ oV H(272)
Hy(z) = Hyo(2%) — 27~V H(272)
Hs(z) = Hoo(2?) — 2o~V Hye(272)  (9)
and
Hro(2)Hro(=") = 3 ~ Hoo(=) Hoo(="") (10

Clearly, the filters in (9) are now expressed only in terms of
Hoo(z) and Hlo(z).

It turns out that given the filters H5(z) = Ho(—2z), the struc-
ture of Ha(z) is such thatboth Hy(2) = Hag(22) 427" Ha1 (2?)
and Ho(z) = Ho1(2%)+ 271 Hao(2?) satisfy the TF conditions.
Thus, given a tight frame lowpass symmetric filter Hy(z), there
exists an even number of filter sets {h1, ho, h3} that satisfy PR,
with Ho(z) = Hy(—z) and Hs(z) = Ho(—z). To show this,
we consider the filter H»(z), which is now defined as follows:

H2(Z> = —Z_Z(ZO_I)H10(2_2> + Z_1H10(22).

Then, with Hy(z) = Hy(—z), the polyphase matrix be-
comes the equation shown at the bottom of the page, with
a = z=W=1 and [, defined as [, = lengthhgg, as above.
Then, to satisfy perfect reconstruction condition, we require
that

— ) w(n — n—2k
Zho Vha(n — 2k) Zfo Yho(n — 2k)(—1) HT(2)H(:~") = L
T . Hgo(z) OéHlo(Zil) —OlHlo(Zil) Hgo(z)
H (2) = <()¢H00(z—1) Hio(2) Hio(2) _aHOO(Z_1)>
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Multiplying out and evaluating the elements of H (2)H(z71),
we have

_ _ 1
H(]()(Z)HO()(Z 1) —|— HlO(Z)HIO(Z 1) = 5

Thus, if Ha(2) = Hao(2%) + 271 Ha1(2?) is a solution satis-
fying tight frame and symmetry conditions, then so is Hy(2) =

Ha1(22) + 27" Hao(22), with Hy(2) = Hy(—2).

IV. SPECTRAL FACTORIZATION METHOD

Equations (9) and (10) suggest that the entire system can be
found once Hy(z), and thus, Hyo(z) is given. To generate the
tight frame filterbanks, we use the prototype filter defined in (11)
and (12). By seeking tight frame symmetric filterbank, K is no
longer restricted to Ky < (1/2)length hg, as is the case with
two-channel orthogonal filters. In fact, now, the only constraint
is the minimal value chosen for K» or K, defining in turn the
minimal length of hy. One possible lowpass filter that generates
the tight frame filterbank is given as follows:

"\ (14227 427
4
L -1
Z(+ +n—1><—1+22 —
4

Hy(z) is of even length, and  is such that Ko = 2r+1. With ¢
of length 2.+ 1, the overall length of the filter A is length hg =
2(r + L 4 1). It is thus possible to start with (11) and obtain a
family of tight frame symmetric filters by supplying the number
of zeros Ky = 2r+1 of hg at z = —1 as well as the length of ¢g.
In summary, given the parameters r and L, the design procedure
goes as follows.

Ho(2) = <1 —|—2z_

where

) @ an

22)n

(12)

1) Choose the K;’s in terms of L and r as follows:

K0:27"+1
1
Ki=L+1+- (1+( Dk
1
K2:L+2—§(1+(—1)L)
K3:27"+1.

2) Find Hy(z) using (11) and (12).

3) Knowing Hy(z) and, thus, Hoo(2), find Hyo(2) from (10)

using spectral factorization.

4) Find H;(z) from H;(z) =

27(21071)H10(272) with [ = lengthhw.

5) Having found Hy(z) from Hp(z), the additional filters

are obtained as follows: Hy(z) = Hi(—z2) and H3(z) =
H()(—Z).

Remark: The above method is not only restricted to the low-
pass filter described in (11) and (12) but can be used with any
readily available tight frame even length lowpass filter taking on
the form Hy(z) = (1+ 27 1)K0Qg(2) and satisfying inequality
(3). Thus, given a lowpass tight frame filter hy, it suffices to start
the above filter design procedure at step 3.

H10(22) +

V. EXAMPLES

Different sets of above discussed filterbanks are presented in
this section. It will be shown that they are nearly shift invariant
and approximate orthogonality in addition to the fact that they
are all symmetric. In addition, due to the relation between the
{ho, h1, ho, h3} filters discussed in this paper, only the filters A
and hj are shown, the remaining wavelets being simply gener-
ated by modulated versions, given by hz(n) = (—1)"ho(n) and
ha(n) = (=1)"hyi(n). Example 1 illustrates Grobner design fil-
terbank, while Example 2 discusses wavelet design using spec-
tral factorization method. For both examples, we tabulate the
angles between the various filters and their even shifts with re-
spect to each other. Example 3 illustrates an application of tight
frame filterbanks to noise removal, with comparison with pub-
lished filterbanks. Further design examples are discussed in [1].

A. Example I: Design Using Grobner Methods

With {Ky, K1,K2, K3} = {7,2,5,7}, the associated
Grobner basis [2], [7] resulted in four distinct lowpass fil-
ters, with the parameter A in (14) taking on the values
A € {-0.007164,—0.006 180,0.000 781,0.030434}. The
resulting filter Hy(z) is given by

1

H()(Z) = E

1) Qo(2)

7
512
11

-1 - —2

x(z7h 4+ 273) + (GA 256) . (14
Notice that this filter is distinct from the family defined in (11)
and (12). For A = 0.000 781, the resulting lowpass filter offers
the highest smoothness coefficient with v ~ 5.1195. This re-
sults in the filterbank listed in Table I (see also Table II). The
filters corresponding to { Ko, K1, Ko, K3} = {7,2,5,7} are il-
lustrated in Fig. 1. The resulting scaling function and wavelets
are shown in Fig. 2. From Fig. 3, the filters exhibit a very nearly
shift-invariant behavior.

(1427 (13)
with

Qo(z) = A(1 4274 — <4A

B. Example 2: Design Using Spectral Factorization

To illustrate an example of spectral factorization design,
we look for a set of filters satisfying {Ky, K1, K2, K3}
{15,4,5,15}, where K is deliberately chosen high in order to
depict the use of spectral factorization. Substituting in (11) and
(12) with r = 7 and L. = 3, we have

V2

Ho(z) = 925

(1+27HQ0(2)

with

Qo(z) = 49404273 — 1615(1 + 2~ %)+

11730(27 + 27°) — 34305(272% 4+ 27%).

The scaling function and corresponding wavelets are shown in
Fig. 4. Solving for H1o(z) as described in Section IV, we obtain
the filters depicted in Fig. 5. Table III lists the coefficients of the
filters hg and h;. For the sake of completeness, we mention the
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TABLE 1
EXAMPLE 1: FILTERBANK {hg, hy, k2, h3} COEFFICIENTS FOR
Ko=FK;=7,Ky =2,ANDK, =5

n ho(n) hi(n)
0 -0.00055277114224  -0.00033767136406
1 -0.01132578895076  0.01854042113559
2 -0.03673606302189 -0.02613107863916
3 0.00608048256466  -0.21256591159938
4 0.23533603943029  -0.12220989795770
5 0.51430488230650  0.34270413842472
6  0.51430488230650  0.34270413842472
7 0.23533603943029  -0.12220989795770
8  0.00608048256466  -0.21256591159938
9 -0.03673606302189  -0.02613107863916
10 -0.01132578895076  0.01854042113559
11 -0.00055277114224 -0.00033767136406

TABLE 11
EXAMPLE 1: ANGLES BETWEEN SPACES GENERATED BY FILTERS IN FIG. 1
shift h(].,h() h14 }l] h(),hl h(),hg h(),hg
0 0 0 52.16 90 90
2 68.94 | 49.71 | 79.35 | 85.15 | 90
4 85.82 | 82.46 | 81.46 | 85.82 | 90
6 89.43 | 88.98 | 88.44 | 88.69 | 90
8 89.92 | 89.86 | 89.97 | 89.89 | 90
10 | 89.99 | 89.99 | 89.99 | 89.99 | 90

Frequency Response
1.5 . T r .

051

0

0.6 0.8 1

0.4

0 0.2

Fig. 1. Example 1: Grobner designed filters with { Ko, Ky, Ko, K3} =
{7,2,5,7}. Associated wavelets are illustrated in Fig. 2.

associated parameters. As to be expected, the scaling function
is highly differentiable, with a degree of smoothness approxi-
mately v, ~ 8.9194. The extent of orthogonality between the
filters and their various even shifts is depicted in Table IV. We
can see that with the exception of 0(hq, hy,2) = 40.68, the fil-
ters and their shifts closely approximate orthogonality. Indeed,
the angles between hg and ho and their even shifts are quite close
to 90°. Additionally, the filters are very nearly shift invariant, as
can readily be seen in Fig. 6.

C. Example 3: Applications

We consider in this section an example of applications of
symmetric tight frame wavelets to the area of image processing
and noise removal. We consider a symmetric filterbank, with
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_05 E L
0 2 4 6 8 10
0.5
w4t
0
_05 n L L L L
0 2 4 6 8 10
Fig. 2. Example 1: Wavelets corresponding to {Ko, K1, K>, K3} =
{7.2,5,7}.
LP filter iterated step response
4-stage wavelet reconstruction
Fig. 3. Example 1: Near shift invariance corresponding to

{Ko, K1, Ko, K5} = {7,2,5,7}

{Ko, K1, K2, K3} = {7,2,3,7} and a lowpass filter Hy(z) of
the form

Ho(z) = (14271 4+ 271+ 272)Qo(2). (15)
The filterbank can be obtained from
http://taco.poly.edu/farras. This set of filters in par-

ticular has been chosen due to its favorable denoising
performance. The filterbank’s performance is compared
with that of symmetric filterbanks with both two-channel
biorthogonal filters and four-channel tight frame filterbanks.
We will consider a 512 x 512 image subjected to additive



ABDELNOUR AND SELESNICK: SYMMETRIC NEARLY SHIFT-INVARIANT TIGHT FRAME WAVELETS 237

0 5 10 15 20
Fig. 4. Example 2: Wavelets and scaling function with { Ko, K, Ko, K3} =
{15,4,5,15}.

Frequency Response
1.5 T T

051

0 1 1
0 0.2 0.4 0.6 0.8 1

Fig. 5. Example 2: {Ko, K1, K>, K3} = {15,4,5,15} filters designed
through spectral factorization. Resulting wavelets are depicted in Fig. 4.

white Gaussian noise. Denoising is performed using the soft
threshold, which is defined as

i = sgn(e)(|] - )

where 7 is some threshold. The measure of performance is peak
signal to noise ratio, given by PSNR = 10 log;((255%/MSE)),
with MSE = (1/M?) 3 |z(m, j) — &(m, j)|?, and where z
isan M x M image, and #is the output. The threshold 7 is esti-
mated fromn = V/2a,,, where Ufl is the noise variance estimate,
which is found from the highpass outputs. More specifically,

TABLE III
BANDPASS FILTER ; COEFFICIENTS FOR EXAMPLE 2.
Ko=K; =15K1 =4,AND K, =5

0.00400234902829
0.26015268683895
0.52030537367790

-0.21067061941896
-0.15449251248712
0.28997740695853

n (1) hi(n)
0 -0.00006806716035 0.00033470718376
1 -0.00052662487214 -0.00010709617646
2  -0.00117716147891  -0.00083815645134
3 0.00133411634276  -0.00184900827809
4 0.01000587257073 0.00040715239482
5 0.01000587257073 0.01797012314831
6 -0.02668232685528 0.05528765033433
7 -0.07024530947614 0.00398035279221
8

9

0

—_

TABLE 1V
EXAMPLE 2: ANGLES BETWEEN SPACES GENERATED BY FILTERS IN FIG. 5
shift | ho, ho | hy, ha | ho, ha | ho, ho | ho, hs
0 0 0 62.12 90 90
2 69.93 | 40.68 | 77.99 | 83.77 90
4 82.18 | 72.50 | 83.60 | 84.51 90
6 89.40 | 88.68 | 84.02 | 88.03 90
8 89.25 | 88.35 | 88.91 | 89.63 90
10 89.73 | 89.41 | 89.96 | 89.95 90
12 89.97 | 89.95 | 89.92 | 89.98 90
14 | 89.99 | 89.99 | 89.98 | 89.99 90
16 89.99 | 89.99 | 89.99 | 89.99 90
18 89.99 | 89.99 | 89.99 | 89.99 90

LP filter iterated step response

4-stage wavelet reconstruction

%%%%%%

Fig. 6. Example 2: {K,, K1, K>, K3} =

invariance.

{15,4,5,15}; near shift

the noise variance in the TF filterbank is estimated from the
outputs of the first-stage filters h1(ny)hs(n2), ha(ni)hs(nsg),
and h3(n1)hs(n2). Notice the output of the filter resulting from
ho(n1)hs(nsg) is not considered. In Table V, we compare the
performances of various filterbanks with the tight frame sym-
metric filterbank with Hy(z), as shown in (15). The filterbank is
somewhat superior to the TF discussed in [5] as well as the sym-
metric biorthogonal filterbanks discussed in [10], [12], and [29].
Fig. 7 shows the result of soft thresholding when o,, = 0.075.
The noisy image pixels are normalized to [0, 1].
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TABLE V
PSNR IN DECIBELS RESULTING FROM SOFT THRESHOLDING OF LENA IMAGE
USING VARIOUS FILTERBANKS

TF ¢
79.6792
77.6056

7/9°
79.4988
77.4272

6/10 7
79.6595
77.4539

o, | Proposed
0.05 | 79.8516
0.075 | 77.7952

9/15 °
79,5886
77.4680

10/18 °
79.4445
77.2934

“ (5]

b [10, table 8.3]
¢ [10, table 8.5]
4 (29, table 2]
¢ [12, table 3]

Fig. 7. Example 3: Noise removal for case o,, = 0.075.

VI. CONCLUSION

The Grobner basis method has proved its usefulness in filter-
bank design: It facilitates solving a system of nonlinear equa-
tions as is the case, for example, with orthogonal and tight frame
filterbanks: It results in an exact solution within computer pre-
cision; it yields all solutions satisfying a set of constraints; and
it is relatively easy to impose such constraints as symmetry or
tight frame or filters of various lengths. For example, it was
possible to find a tight frame symmetric filterbank given by
{Ky,K1,K2,K3} = {7,2,5,7} using Grobner basis method.
It is clear that Grobner method allows one to generate a filter-
bank with a specific set of K;’s with the constraint of satisfying
condition (6).

On the other hand, given a lowpass filter, the spectral fac-
torization method makes it easy to find the filters {hq, ho, h3}.
Additionally, that results in all filterbanks satisfying the PR
condition, which may or may not include more than one arrange-
ment of the moments { K, K>}, with the moments Ky = K3.
For example, the lowpass filter resulting from Grobner basis
method described above can lead to bandpass filters with
{K;,K>} = {2,3} in addition to {K1, K>} = {2,5}. This
allows one to obtain a larger pool of bandpass filters than
those obtained using Grobner basis method due to the fact
that there are no restrictions beyond those imposed by the
lowpass filter hy.

Clearly, the Grobner method allows one to design a filter-
bank ex nihilo with various properties, as depicted in Example 1.
However, the method suffers the issues of required memory and
time to find the associated Grobner basis. On the other hand,
spectral factorization is a simple method that nonetheless re-
quires an available lowpass filter with the restrictions the latter
imposes on the choices of {K7, K>}. It is clear that to each
method, there are advantages and disadvantages.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 53, NO. 1, JANUARY 2005

We have presented a class of wavelets based on tight frame
symmetric filterbanks that can be designed by using the Grobner
method or spectral factorization. In addition to their symmetry,
the filters result in limit functions that are smoother than those
resulting from orthogonal filters of comparable length. The
dense time-frequency plane of tight frame filterbanks result
in an approximate shift invariance. In addition, the filters
discussed in this paper exhibit a degree of orthogonality. An
example shows the advantage of using such filters for noise-re-
moval purposes. Notice how the chosen threshold is global,
that is, it is the same value for all stages. Clearly, the denoising
performance can be improved by varying the threshold over the
different stages. It would be interesting to exploit the redun-
dancy of the oversampled filterbank and couple it with more
sophisticated noise-removal algorithms.

APPENDIX

Exploiting symmetry, the filters {hg, k1, ha, h3} can be de-
scribed by only Hyo(z) and Hio(z). By symmetry, we have
h01(n) = hoo(lo —-1- ’I’L) or

H(]l(Z) = Zhoo(lo —-1- ’I"L)Z_n
or with the substitution [ — 1 — n = m, we have

Z hoo(l() —-1- n)z_" = Z_(lo_l) Z hoo(m)zm

from which we get

Hoi(2) = 2=~ Y Hyo (7). (A1)
Similarly, for the case of Hi;(z), we have
Hyi(2) = 2~ 0= YH(z7h). (A2)

Now, the filters obeying the conditions Hy(z) = H3(—=z) and
Hy(z) = Hyi(—z) can be rewritten as follows:

(A3)

Then, to achieve perfect reconstruction, the following equa-
tion needs to be satisfied:
H :)H((:z"") =1 (A.4)

where H”'(2) is given by

T Hoo(z
HY(2) = < ngzg

ng(z)
Hll(Z)

HQ()(Z)

Ha:(2) HSO(Z)) '

H31(Z)

However, from (A.3), the above matrix can be written as the
equation at the top of the next page, where A is a matrix ac-
counting for the delay terms in (A.3) and is given by

1 0
A: (0 2(101)> .
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HT () = A ( e,

Hlo(Z
Hlo(Z_

Z

) —Hio(z7")
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Hio(2) Hoo(2) )

—Hoo(Z_l)

From (A.1) and (A.2), (A.3) and (A.4) reduce to the fol-
lowing equation relating Hoo(z) and Hyo(z) and, thus, Ho(2)
and Hy(2):

1
H()(](Z)Hoo(z_l> + Hlo(z)Hlo(Z_l) = 5 (A.5)

Equation (A.5) can be written slightly differently as follows:

[1

—

(2]
3

—_

[4

=

[5]

(6]

(71

[8

—_

(91
[10]
[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]

1
Hlo(Z)Hlo(Z_l) = § — Hoo(Z)Hoo(Z_l). (A6)
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