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Hilbert Transform Pairs of Wavelet Bases
Ivan W. Selesnick, Member, IEEE

Abstract—This paper considers the design of pairs of wavelet
bases where the wavelets form a Hilbert transform pair. The
derivation is based on the limit functions defined by the infinite
product formula. It is found that the scaling filters should be
offset from one another by a half sample. This gives an alternative
derivation and explanation for the result by Kingsbury, that the
dual-tree DWT is (nearly) shift-invariant when the scaling filters
satisfy the same offset.

I. INTRODUCTION

and

We use the notation
for the -transform of
. Then
. The
the frequency response of the filter is
,
represent another CQF pair. In this letter,
filters
,
are real-valued filters. The dilation and
we assume
wavelet equations give the scaling and wavelet functions

S

EVERAL authors have proposed signal processing
methods that call for two wavelet transforms, where one
wavelet is (approximately) the Hilbert transform of the other.
For example, Abry and Flandrin suggested it for transient
detection [2] and turbulence analysis [1], Kingsbury suggested
it for the complex dual-tree discrete wavelet transform (DWT)
[7], [8], and Ozturk et al. suggested it for waveform encoding
[9]. In addition, Freeman and Adelson employ the Hilbert
transform in the development of steerable filter banks [5]. Also
of related interest is the paper by Beylkin and Torrésani [3].
,
fully determine the two orThe lowpass filters
and
so
thogonal wavelet bases. But how can we choose
that the two wavelets they generate will form a Hilbert transform pair? This is the question addressed in this paper.
Kingsbury found that the dual-tree DWT is nearly shift-invariant when the lowpass filters of one DWT interpolate midway
between the lowpass filters of the second DWT. This paper considers the limit functions defined by the infinite-product formula, rather than the (near) shift-invariance of a finitely iterated
filter bank as in [7], and arrives at the same condition. This letter
thereby gives an alternative explanation for why the scaling filters should be designed to be offset from each other by a half
sample delay.

The scaling function
larly but with filters

Recall the definition of the Hilbert transform.
if
Hilbert transform of

is the
(1)

Suppose the two lowpass filters are related as follows:
where
is 2 -periodic. We will see how to choose the phase
so that the two wavelets generated by
and
form a
Hilbert transform pair. We proceed by considering three questions.
A. How is

Related to

?

By the infinite-product formula, we have

Similarly for

and
-transform, we have

are defined simi-

II. HILBERT TRANSFORM PAIRS

A. Preliminaries
,
Let the filters
filter (CQF) pair. That is

and wavelet
and
.

represent a conjugate quadrature

. Equivalently, in terms of the
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for orthogonal wavelet bases gives
(2)

B. How is

Related to

?

The CQF filter bank has
or
where the overbar denotes complex conjugation. Similarly

C. How is

Related to

The Fourier transform (FT) of

?
is given by

and similarly for
Fig. 1. Phase functions arising in the derivation of (5).

We now show that if the 2 -periodic function

is defined as
(5)

,
as illustrated in Fig. 1, then condition (4) holds and
make a Hilbert transform pair. First, note that if
is given
is a 4 -periodic function given by
by (5), then

as illustrated in Fig. 1. Now if we call the second term in (4)

Therefore, we can write
and if
by

is given by (5), then we can show that

is given

(3)
D. Phase Condition
so that
,
make a Hilbert
Can we choose
must sattransform pair? From (3) and (1), we see that
isfy the following condition:

as illustrated in Fig. 1. Adding
and
, we get the
graph shown in Fig. 1. Evidently, one finds that condition (4) is
indeed satisfied by the choice (5).
and
are lowpass CQF filters
1) Theorem: If
(scaling filters) with

(4)
for
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Fig. 2. Example 1: Approximate Hilbert transform pair of orthonormal wavelet bases, with

then the corresponding wavelets are a Hilbert transform pair

Equivalently, the digital filter
version of

N = 10, K = 4, L = 5.
TABLE I
FILTER COEFFICIENTS FOR THE EXAMPLES

is a half-sample delayed

As a half-sample delay can not be implemented with a finite
impulse response (FIR) filter (not even a rational IIR filter can
be exact), it is necessary to make an approximation.
III. DESIGN PROBLEM
The phase condition leads to following design problem: construct the shortest FIR filters , , such that they possess a
specified number of zero moments, and that

The error function is given by

If we define a new function

then the

-transform

by

is a polynomial

Let us choose
1 as the point of approximation. To make
close to zero at
1, we can ask that

where represents the degree of approximation to the halfsample delay. If is the number of zero wavelet moments, and
is the parameter for controlling the half-sample delay approximation, then we have the following design equations, which we
and of minimal length:
wish to solve for the filters
;
1)
;
2)
;
3)
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Fig. 3.

4)
5)
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Example 2. Approximate Hilbert transform pair of orthonormal wavelet bases, with

;

We illustrate two examples obtained using this design
problem. The design equations are nonlinear. However, solutions can be obtained using Gröbner bases [4]. We used the
software Singular [6] to obtain the Gröbner needed for the
following examples.
4 and
5, we find that the shortest
Example 1: With
and
satisfying the conditions are of length
filters
10. Fig. 2 illustrates one of the several solutions that exist. Note
and
are indistinguishable in the plot. The
that
shows its agreement with 2 near
0. The plot
plot of
shows that it approximates
of the function
0 as expected if
and
make a Hilbert transzero for
form pair. Table I tabulates the coefficients.
3 and
7, the minimal lengths of
Example 2: With
and
is again ten samples. Fig. 3 illustrates one of the
several solutions. It can be seen that the wavelets are not quite as
smooth as in the previous example, but that
is closer to zero for negative frequencies. This is to be expected,
as we have reduced the number of zero moments and at the same
time improve the half-sample delay approximation.
Using longer filters, we have obtained solutions that have
both good smoothness and good half-sample delay properties.
and
do not need to have (near) linear
Note that
and
to make a Hilbert transform
phase in order for
pair, although it may be desirable for other reasons depending
on the application.

N = 10, K = 3, L = 7.
IV. CONCLUSION

Using the infinite product formula, it was shown that for two
orthogonal wavelets to form a Hilbert transform pair, the scaling
filters should be offset by a half sample. An example was presented to illustrate the trade-off between the number of zero
wavelet moments and the degree of half-sample delay approximations.
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