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The Estimation of Laplace Random Vectors in
Additive White Gaussian Noise

Ivan W. Selesnick, Senior Member, IEEE

Abstract—This paper develops and compares the maximum
a posteriori (MAP) and minimum mean-square error (MMSE)
estimators for spherically contoured multivariate Laplace random
vectors in additive white Gaussian noise. The MMSE estimator is
expressed in closed-form using the generalized incomplete gamma
function. We also find a computationally efficient yet accurate
approximation for the MMSE estimator. In addition, this paper
develops an expression for the MSE for any estimator of spheri-
cally contoured multivariate Laplace random vectors in additive
white Gaussian noise (AWGN), the development of which again
depends on the generalized incomplete gamma function. The esti-
mators are motivated and tested on the problem of wavelet-based
image denoising.

Index Terms—Denoising, estimation, Laplace distribution.

I. INTRODUCTION

T HE zero-mean Laplace probability distribution function
(pdf) is useful in several signal processing applications. It

can be used in wavelet-based signal processing to model the dis-
tribution of wavelet coefficients [63] and in speech processing to
model the distribution of discrete Fourier transform (DFT) coef-
ficients of short speech segments [5], [22], [26], [40], [43]. Sim-
ilarly, the zero-mean elliptically contoured multivariate Laplace
pdf can be used to model groups (or ’blocks’) of such coef-
ficients. A zero-mean elliptically contoured Laplace pdf is a
multivariate pdf for which all the univariate marginals are zero-
mean Laplace. We recall that a zero-mean Laplace random vari-
able with variance has the density

(1)

The zero-mean elliptically contoured Laplace pdf (or simply,
multivariate Laplace pdf) is described in detail in [37]. In [37],
it is derived, for example, that the multivariate Laplace pdf can
be expressed in terms of a Bessel function. The estimation of the
covariance matrix of a multivariate Laplace distributed vector,
and its application to speech processing, is addressed in [22].

Random vectors distributed according to elliptically con-
toured densities are also known as spherically invariant random
processes (SIRPs) [8], [67]. The use of SIRPs in detection
problems for radar has been developed in, for example, [4],
[17], [53].
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In this paper we are interested in the problem of estimating a
-component Laplace vector, , in additive white Gaussian noise

(AWGN),

(2)

The estimation of is based on the observed vector . In the
scalar case ( ), the maximum a posteriori (MAP) and min-
imum mean-square error (MMSE) estimators are already
known. The MAP estimator is given by the soft-threshold rule
[29], [32], [46], [47], [66], and the MMSE estimator can be ex-
pressed in terms of the function [26], [29], [43]. The estima-
tors given below generalize these estimators to the vector case.

In Sections IV-A and B, we find the MAP and MMSE esti-
mators when is a spherically contoured Laplace random vector
(when its components are uncorrelated and have equal vari-
ance). We also provide computationally efficient approxima-
tions for the MAP and MMSE estimators, and in Section V
we compare the estimators’ performance in terms of MSE. We
have reported some of these results in a conference paper [55].
For the more general case, where has an elliptically contoured
(nonspherical) distribution, we have not yet obtained a simple
expression for the MMSE estimator; we report some prelimmi-
nary results for that case in [56].

In the derivation of the MMSE estimator given below,
we use the generalized incomplete Gamma function, ,
a special function introduced in 1994 by Chaudhry and Zubair
[12], [13]. (Their motivation for defining and studying this func-
tion was the role it plays in the closed-form solution to sev-
eral problems in heat conduction.) We need the generalized in-
complete Gamma function to write also the observational den-
sity . For the general case, where has an elliptically
contoured Laplace distribution, the function can no
longer be used [56]. For that reason, our results below are lim-
ited to the spherically contoured case.

We are motivated to study this estimation problem because
of our interest in wavelet-based image denoising, or more gen-
erally transform-domain denoising [48]. Statistical modeling
of images in the wavelet domain calls for peaked, heavy-tailed
symmetric densities; and the problem of fitting suitable models
(especially from noisy data) has several proposed solutions in
the literature [54]. A simple model is the Laplace distribution.
However, the distribution of wavelet coefficients of images
can usually be modeled more accurately using densities with
two or more parameters; examples include: the generalized
Gaussian [10], [42], [46], [63], Gaussian mixtures [14], [16],
[18], scale mixtures models [52], mixtures of a point mass
and Laplace or other density [35], Bessel K densities [24],
symmetric alpha-stable densities [1], [2], [6], [65], and the

1053-587X/$25.00 © 2008 IEEE



SELESNICK: ESTIMATION OF LAPLACE RANDOM VECTORS 3483

normal inverse Gaussian density [34]. Methods for handling a
variety of densities have also been developed [3], [20], [31].
In addition, we also note that some nonlinear processing rules
can be derived without using a Bayesian approach or without
explicitly specifying a prior distribution [21], [25], [39], [41].

While accurately modeling the univariate marginal distri-
bution of coefficients is useful, it is usually more important to
model groups of coefficients together [38]. If adjacent wavelet
coefficients (in location and/or scale) are modeled together, then
substantial improvement can be realized in image denoising.
Indeed, even though adjacent wavelet coefficients are approx-
imately uncorrelated (assuming the transform is orthonormal)
they are strongly dependent [9], [30], [62], [64]. Several methods
have been developed to model groups (or “blocks”) of wavelet
coefficients, for example, the local variance, context, or related
concepts can be used [11], [18], [23], [33], [36], [45], [50],
[51], [61]. Some wavelet-domain denoising algorithms are
based, either implicitly or explicitly, on multivariate elliptically
contoured probability densities [15], [27], [44], [57], [58].

In this paper we develop the MAP and MMSE nonlinear
threshold/shrinkage rules that follow from the spherically con-
toured multivariate Laplace density. Although it is only a one-
parameter distribution and therefore limited in its effectiveness
to accurately fit the univariate marginal distribution of coeffi-
cients, the multivariate Laplace pdf does at least model the de-
pendencies among adjacent coefficients while being consistent
with the basic and frequently used univariate Laplace pdf. More-
over, to the best our knowledge, the basic problem of estimating
a Laplace vector in independent white Gaussian noise does not
appear to be previously addressed.

In our previous work, we developed in [57] and [59] a mul-
tivariate spherically contoured radially exponential density that
is similar to the Laplace density in its functional form, but the
marginals of the density in [57] and [59] are not Laplace. Al-
though the multivariate density in [57] and [59] specializes to
the Laplace pdf in the scalar case ( ), for it is less
kurtotic (more like a Gaussian pdf). In Section III-B we compare
the univariate marginals of that distribution with the true multi-
variate Laplace density to show the differences between them.
It is useful to employ the true multivariate Laplace density be-
cause then Laplace models (or Laplace mixture models [49])
for the univariate marginal can be directly extrapolated to ob-
tain multivariate probability models for groups of coefficients.

A. Empirical Histograms

Fig. 1 illustrates the histogram of the coefficients in one
subband of the wavelet transform of a photographic image.
The histogram conforms to the well-known behavior of such
histograms — namely, compared to the Gaussian pdf, the
histogram has a different behavior both at the center (it is more
peaked) and in the tails (they are heavier). Wavelet coefficient
histograms are more kurtotic than Gaussian distributions.

Fig. 1 also illustrates two scatter plots. Both scatter plots were
generated using the same set of wavelet coefficients used to to
generate the histogram in Fig. 1. Scatter plot A illustrates the
joint distribution of two wavelet coefficients that are horizon-
tally adjacent . Scatter plot B illus-
trates the joint distribution of two horizontally distant coeffi-

Fig. 1. Histogram and scatter plots of wavelet coefficients in the LH subband
at scale-2 of the 512� 512 pixel boat image. Each plot represents ��� values.
The scatter plots illustrate pairs ���� � � �� ��� � � � ��� for � 	 
, 10.

cients . The marginal histogram of
both scatter plots are the same and is given by the histogram
in Fig. 1 (because both scatter plots are generated from the
same data). Scatter plot A suggests that the joint distribution
of adjacent coefficients is approximately elliptically contoured.
Also a slight positive correlation is visible — the contours of
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the density function will be elliptic, not circular (however, this
paper will examine only spherically contoured density func-
tions). (Note that if scatter plot A were displayed as a bivariate
conditional histogram where each column of this histogram is
normalized by its sum, then we will see the “bow-tie” shape as
discussed in earlier work [62]). Scatter plot B shows that the
joint distribution of distant coefficients is not elliptically con-
toured, but roughly start-shaped. The distribution of points in
scatter plot B is concentrated along the axes — that is because 1)
distant coefficients are essentially independent so the joint pdf is
therefore given by the product, , and
2) the marginal distribution is peaked at the center. Indeed, the
star-shaped distribution illustrated in scatter plot B is expected
of joint pdfs of independent random variables where each fol-
lows a distribution that is peaked at the origin.

Both scatter plots in Fig. 1 have a high concentration of points
at the origin because a high proportion of wavelet coefficients
are small in absolute value. The scatter plots in Fig. 1 confirm
that an elliptically contoured pdf is a reasonable model for pairs
of adjacent coefficients, and also that such a model is not valid
for pairs of coefficients that are distant from one another.

II. GENERALIZED INCOMPLETE GAMMA FUNCTION

In 1994, Chaudhry and Zubair introduced the the generalized
incomplete gamma function [12], [13], defined as

(3)

When , the incomplete Gamma function is obtained as a
special case, . For there is a
closed form expression for the generalized incomplete gamma
function. For , for example, there is the formula
[12], [13]

(4)

where . For there is the formula

(5)

The generalized incomplete Gamma function satisfies a recur-
rence relation that is useful for computing its values for other
orders , from [12], [13]

(6)

As stated in [7], the recursive formula together with (4) and
(5) can be used to numerically compute for

.
For not of the form , no closed form expression

is available for . However, it can be computed accu-
rately and efficiently.1

III. MULTIVARIATE DENSITIES

This section develops the multivariate densities required to
obtain the sought MAP and MMSE estimators.

A. Laplace Random Vectors

A Gaussian scale mixture (GSM) representation of a -com-
ponent random vector having a spherically contoured density is

with (7)

where is a -component zero-mean white Gaussian with vari-
ance random vector,

(8)

Setting , then and the pdf of the random vector
is given by

(9)

Note, because , the density of is

(10)

The GSM representation will be used as an intermediate
step in the derivation of several expressions below. Namely,
it will be used to derive the density (26) of a Laplace random
vector in AWGN in Section III-C, the MMSE estimator (41) in
Section IV-B, and the MSE (45) in Section V. In the estimation
rules described below it will not be necessary to estimate the
value of the variable in (7).

As described in [37], a spherically contoured -component
random vector with Laplace marginals (with variance ) can
be generated by (7) where is a unit mean exponential (scalar)
random variable, for . Therefore, (10)
gives

(11)

Using (8) and (11) in (9) gives

(12)

Changing the variable of integration, using , and
converting to the modified Bessel function of the second kind,

1G. Chudnovsky, M. Leung. Private communication.
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Fig. 2. Multivariate spherically contoured Laplace distribution (13) with � �

�, � � �.

in (50), the density of the Laplace random vector is
given by

(13)

The spherically contoured multivariate Laplace distribution is
illustrated in Fig. 2 for . Note that the pdf (13) has a
singularity at zero unless . For , the singularity is
evident in Fig. 2. The singularity for explains in part, why
the MMSE and MAP estimators of Laplace vectors in AWGN,
behave more differently from each other around zero for
than they do for , as will be illustrated below.

B. Radial Exponential Distribution

In our previous work [57], [59], [60], we developed MAP es-
timators based on the -component spherically contoured mul-
tivariate density

(14)

where the normalization constant is

We call (14) the spherically contoured radial exponential distri-
bution, see also [37, p. 270]. The radial profile of this spherically
contoured density is exponential in . The constant in the ex-
ponent is chosen so that . The radial exponential
distribution is illustrated in Fig. 3.

It turns out that the radial exponential density in (14) can be
represented as a GSM as in (7) where the random variable is
gamma distributed

(15)

Fig. 3. Multivariate radial exponential distribution (14) with � � �, � � �.

with and is as in (8). To con-
firm that this GSM yields the density (14), use these values of
and in (15), with (8) and (10) in (9), and simplify using (51).

This GSM representation of (14) can be used to obtain the
marginal density

(16)

for .
The density (16) is a special case of the Bessel K form density

[28, Eq. (6)] used for wavelet-based denoising in [24], that has
the form

(17)

A random variable with density (17) is denoted
. If the -component random vector is distributed

according to (14), then the marginal of in (16) is

(18)

Fig. 4 illustrates the the density (16) for and .
For , the marginal is the Laplace density; however, as
increases, the marginal becomes more similar to the Gaussian
density.

The kurtosis of a random variable is a combined measure of
how heavily tailed the distribution is, and how peaked the dis-
tribution is around its mean. The kurtosis of a Gaussian random
variable is 3. A distribution whose tails are heavier than the
Gaussian and that is more peaked around its mean, has a kurtosis
that is higher than that of the Gaussian. Such a random variable



3486 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 8, AUGUST 2008

Fig. 4. Univariate marginal distribution of the �-component spherically con-
toured radial-exponential distribution (14) for � � � and � � �. When � � �

the distribution is the Laplace distribution. For � � � the marginal distribution
is less kurtotic than the Laplace distribution. As � increases, the marginal dis-
tribution becomes more Gaussian.

is “more kurtotic” than the Gaussian. The kurtosis of a Laplace
random variable is 6. From [24], the kurtosis of the random vari-
able in (16), equivalently (18), is . As the
number of components, , increases, the kurtosis of decreases
to the kurtosis of the Gaussian. That means, that for higher ,
the spherically contoured radial-exponential probability model
is more Gaussian, and therefore, less appropriate for modeling
the wavelet coefficients of natural images. This is why we are
motivated in this paper to revisit the approach taken in [57] and
[60], but to this time use the multivariate Laplace density (13)
rather than (14). The multivariate Laplace density (13) does not
behave that way — the marginal is Laplace and therefore the
kurtosis of is 6 for any .

C. Laplace Random Vectors in AWGN

To develop algorithms for processing signals in noise, it is
often necessary to know the pdf of the noisy signal. If a -com-
ponent signal is modeled as a Laplace random vector (with
variance and uncorrelated components) and if the noise
signal is independent additive zero-mean white Gaussian
noise (with variance ), as in (2), then the pdf of is given by
the multivariate convolution

(19)

where the pdf of is given by (8), (9), (11), and is

(20)

Using (9), we write in (19) as

(21)

(22)

The inside term is the -dimensional convolution of two
spherical multivariate Gaussian pdfs, one with variance ,

, the other with variance , . The
result is a multivariate Gaussian pdf with variance ,

, so the inner integral in (22) is given by

(23)

Using (11) and (23) in (22) gives

(24)

Changing the variable of integration, using

(25)

gives

Using the generalized incomplete gamma function,
in (3), we get

(26)
When in (26) we recover the scalar case which has been
given in [29] and [35].

For large an approximation of (26) is

IV. ESTIMATORS

In Section IV-A the MAP estimator of a spherically contoured
Laplace random vector in AWGN is derived. The MAP esti-
mator is simpler to derive than the MMSE estimator, to be de-
rived in Section IV-B, because the derivation of the MAP esti-
mator requires no integration. In addition, for the derivation of
the MAP estimator it is unnecessary to know explicitly the den-
sity of the observed data. For these reasons, the general-
ized incomplete gamma function will not be used in
the derivation of the MAP estimator, although it will be used in
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the derivation of the MMSE estimator. However, it will be il-
lustrated in Section V that for the vector case ( ) the MAP
estimator is a poor substitute for the MMSE estimator, at least
for the estimation of Laplace random vectors in AWGN.

A. MAP Estimator

The MAP estimate of the -component vector from
the noisy observation is given by

(27)

When the noise is additive and independent as in (2), the MAP
estimator is given by

(28)

The pdf is given by (13); the pdf is given by (20).
Setting derivatives to zero in (28) so as to maximize over ,

gives

(29)

From (52) we have

(30)

Using (30) with (13) gives

therefore, from (29)

(31)

Taking the square root of the sum of the squares over
gives

or

(32)

where represents . This rule can be implemented
by successive substitution. That is a simple iteration in which
is initialized (for example to ) and then the left-hand-side of
(32) is repeatedly computed

Fig. 5. Nonlinear function of the MAP estimator (32).

for . The convergence can be verified by noting that the
successive estimates are nonincreasing and are lower bounded
by zero. Once is found, the same attenuation ratio is applied
to each component

(33)

Each component is attenuated by the same multiplier because
the signal and noise distributions are spherically contoured. In
the more general case where the distributions are elliptically
contoured each component would be attenuated by a different
multiplier.

The shrinkage rule is illustrated in Fig. 5 for a 5-component
vector ( ) and specific values of and . When ,
we can use the property to recover from (32)
the scalar soft-threshold rule with threshold ; that is,

For large , using (54) the shrinkage rule (32) is approxi-
mately

(34)

which is the soft-threshold rule with the MAP threshold.
To reduce computation, it may be desirable to avoid the itera-

tive successive substitution algorithm for the computation of the
MAP estimator. In that case, a noniterative approximate form of
(32) simply replaces on the right-hand-side of (32) by

(35)

The nonlinear threshold function (35) is illustrated in Fig. 6. A
further computational simplification of (32) replaces the Bessel
function ratio with an approximation. Using (54) in (35) gives
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Fig. 6. Noniterative approximate MAP estimators (35) and (36).

the computationally simple noniterative approximate MAP
estimator

(36)

When is large, this will be approximately the soft-threshold
rule because the last term will be small. Note that when

, then (36) gives the scalar MAP soft-threshold rule, with a
threshold of . Fig. 6 illustrates the noniterative approx-
imate MAP estimators (35) and (36). Using a more accurate
approximation of the Bessel function ratio in (35) gives the
estimator

(37)

The threshold value associated with the MAP estimator (32)
can not easily be expressed in closed-form. However, note that
for the noniterative approximate MAP estimator (36) we can
explicitly find the threshold value

(38)

For below this value, the estimated norm in (36) is zero.
The threshold depends on the noise standard deviation , the
ratio , and the number of components .

B. MMSE Estimator

The MMSE estimator of a Laplace scalar random variable in
additive independent Gaussian noise has been derived in [29].

Fig. 7. Nonlinear shrinkage function of the MMSE estimator (41).

In this section we derive the MMSE estimator of a spherically
contoured multivariate Laplace random vector in AWGN. The
MMSE estimator of given is given by

(39)

The pdf is given by (26); the pdf is given by (9) and
(11) [equivalently (13)]; the pdf is given by (20).

The MMSE estimator, derived in Appendix C, is given by

(40)

Writing (40) in the same form as (32), (35), and (36) facili-
tates comparing the estimators to each other. Expressing the es-
timator as an attenuation of the norm, we have

(41)

When in (41) we recover the scalar case which has been
derived in [29], [35]. (We use (4) and (5) to confirm that (41)
agrees with [29, p. 1787] in the scalar case.)

The MMSE estimator is illustrated in Fig. 7. Note that the
nonlinearity of the MMSE estimator illustrated in Fig. 7 is quite
different from the MAP estimator illustrated in Fig. 5.

As goes to zero in (41), we get

where is the ordinary incomplete Gamma function.
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Fig. 8. Computationally efficient approximate MMSE estimator (42).

For a real-time image processing algorithm that calls the non-
linear MMSE estimator in (41) millions of times for a single
image, an efficient implementation is desirable. One way to
create a computationally simple approximation to this MMSE
estimator is to approximate it for small as a linear function
the slope of which matches the slope of the exact MMSE esti-
mator at ; and to use the noniterative approximate MAP
estimator (36) for large . That gives,

(42)

This approximation does not require the computation of the
generalized incomplete Gamma function, and is therefore more
computationally efficient. Fig. 8 illustrates that the computation-
ally simple approximation (42) to the exact MMSE nonlinearity
is reasonably good. For a slightly more accurate approximation
we can use (37) in place of (36) in (42).

V. MSE

To compare the performance of several nonlinear estimation
rules we can analyze the MSE. Let us examine the MSE as a
function of the observed vector . The signal is observed in
noise , as in (2), where and are independent with pdfs
and . The estimate of , denoted , is obtained by some
function of . That is The error of the estimate is
defined as

(43)

Fig. 9. MSE as a function of �, �� ���, for several estimators, with � � �.
For the soft-threshold function and for small ��� the threshold � � � �� gives
the lower MSE, while for larger ��� the threshold � �

�
�� �� gives the

lower MSE. The soft-threshold function with threshold � �
�
�� �� gives

the same MSE as the MMSE estimator for large ���.

We can find the average value of the error as a function of
the observed noisy data . Namely, an expression for
is given by

(44)
The formula (44) requires and . Note that

is the MMSE estimate of , and therefore, a formula
for is given already by (40). A formula for ,
derived in Appendix D, is given by

(45)

The explicit formula (45) for can be used to com-
pare various estimators, at least in terms of the MSE that re-
sults from their use. We start with a comparison of estimators
for the scalar case, . In this case we can refer to rather
than to its -th component, as is a scalar. Fig. 9 illustrates
the MSE as a function of (namely ) in the scalar case
for different estimation functions . First, Fig. 9 illustrates

for the identity function . In this case, the
observed noisy signal value is unprocessed. We expect that
this “estimator” provides the worst performance among the var-
ious estimators; indeed it does for large . Next, Fig. 9 illus-
trates for being the soft-threshold rule; two dif-
ferent thresholds are used to produce two graphs. With the
threshold value, , the soft-threshold rule is the
MAP estimator. The threshold value, , is suggested
in [29]. Note from the figure, that for small , the soft-threshold
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Fig. 10. MSE as a function of �, �� ���, for the MAP and MMSE estimators,
with � � �. The MAP estimator gives a substantially higher MSE than the
MMSE estimator for a range of ���. (For � � � the MAP estimator, namely
the soft-threshold function, does not deviate so far from the MMSE estimator,
see Fig. 9.)

rule performs worse than doing no processing at all (with ei-
ther threshold value). Therefore, for small , it is better to do
no processing than to do soft-thresholding. For the smaller of
the two thresholds values, the soft-threshold rule has the better
performance for small but has the inferior performance for
large . Finally, Fig. 9 illustrates for being the
MMSE estimator, which, by definition, will have the lowest

among all estimators. Note that the soft-threshold rule
with the MAP threshold agrees with the MMSE estimator for
large . For the values of and used here, the MMSE es-
timator reduces the MSE of the noisy signal from 4.5 down to
4.0 for large .

Despite its worse performance for small , an advantage
of the soft-threshold rule in comparison with the MMSE esti-
mator is the computational simplicity of the soft-threshold rule.
However, the approximate MMSE estimator (42) is also com-
putationally simple (the nonlinear rule (42) requires no evalu-
ation of the generalized incomplete Gamma function). When

is graphed for the approximate and exact MMSE esti-
mators, the graphs are almost indistinguishable. Even though it
is very simple, the performance of the approximate MMSE es-
timator (42) closely follows that of the exact MMSE estimator
(41). Therefore, the approximate MMSE estimator (42) is an ef-
fective computationally simple substitute for the exact MMSE
estimator.

We now use the explicit formula for to compare sev-
eral estimators for the multivariate case, . Fig. 10 illus-
trates with for two estimation rules: the MAP
and MMSE estimators. (The MAP estimator (32) is computed
by successive substitution.) The figure reveals that the perfor-
mance of the MAP estimator is very poor (in terms of MSE)
for a range of . For some the MSE of the MAP esti-
mator is five times that of the MMSE estimator. Of course, the
MAP estimator is not designed to minimize the MSE; however,

Fig. 11. �� ��� for several estimators, with � � �. The approximate MAP
estimator (36) provides a lower MSE than the exact MAP estimator illustrated
in Fig. 10. The approximate MMSE estimator (42) closely follows the exact
MMSE estimator.

it is simpler to derive and compute so it is sometimes used as
a substitute for the MMSE estimator. If the MAP estimator is
similar to the MMSE estimator (as it is in the case , see
Fig. 9), then the use of the MAP estimator does not significantly
increase the MSE. However, for the MAP estimator has a
significantly different shape than the MMSE estimator for small
observation values. Specifically, the “dead-zone” of the MAP
estimator (see Fig. 5) is especially large, due in part to the sin-
gularity of the multivariate Laplace pdf at the origin. Therefore,
for the MAP estimator is a poor substitute for the MMSE
estimator (much more so than in the scalar case). For large
that problem is absent — the performance of the MAP estimator
converges to that of the MMSE, as illustrated in Fig. 10.

Fig. 11 illustrates with for three estimation
rules: the noniterative approximate MAP estimator (36), the ap-
proximate MMSE estimator (42), and the exact MMSE esti-
mator (41). First, note that the noniterative approximate MAP
estimator improves upon the exact MAP estimator (compare
to Fig. 10) in terms of MSE. In this case, the computationally
simpler of the two nonlinearities performs better. Next, note
that the approximate MMSE estimator (42) provides further im-
provement — the MSE generated by it follows that of the exact
MMSE estimator quite closely. Also notice that for the
performance of the approximate MMSE estimator (42) is ex-
actly that of the noniterative approximate MAP estimator (36),
because the latter is used in the definition of the former. In con-
clusion, the approximate MMSE estimator (42) is a computa-
tionally simple, yet reliable, approximation of the exact MMSE
estimator (41).

VI. COMPARISON OF ESTIMATORS

In this section we compare the functional form of the esti-
mators derived in this paper with two other estimators that also
work on groups of coefficients.
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A. MAP Estimator for Radial Exponential Vector in AWGN

For a spherically contoured radial-exponential random vector
(14) in AWGN, the MAP estimator, derived in [60], is given by

(46)

which we will call REXMAP (for ’Radial EXponential’). This is
a soft-threshold rule applied to the vector norm. Let us compare
the MAP estimate (46) derived from the multivariate radial-ex-
ponential model with the MAP estimate derived from multi-
variate Laplace model. For a large observation under the
Laplace model, from (34) we find that the estimator subtracts

from to obtain , while under the radial-expo-
nential model, the estimator subtracts , a larger
value (for ). Therefore, the radial-exponential model leads
to more attenuation of large observations than does the Laplace
model.

We can also make a comparison for small observation
by comparing the threshold values. For the Laplace model, we
will use the approximate MAP estimator (36). Comparing the
threshold of the nonlinearity (46), with

in (38) we find that when (that
is expected because for the two models coincide). For
small , the approximate MAP estimator under the Laplace
model has a greater threshold than the MAP estimator under the
radial-exponential model; while for large the reverse is
true.

Unlike the Laplace case, there does not appear to be any
simple form for the MMSE estimate of a radial-exponential
random vector in AWGN. An approximate MMSE estimator is
presented in [60], however, the difference between the obtained
approximate MMSE estimator and the MAP estimator (46) was
found to be neglible.

B. LAWMAP Algorithm

The nonlinear processing rules derived in this paper can be
compared with the LAWMAP processing rule introduced in
[45]. The processing rules developed in this paper are based
on a stationary nonGaussian multivariate model, while on the
other hand, the LAWMAP processing rule developed in [45]
is based on a locally adaptive doubly stochastic model. It turns
out that both approaches ultimately process the noisy observed
data in similar ways.

In the LAWMAP algorithm, a group (’or block’) of
noise-free signal values is modeled as independent zero-mean
Gaussian random variables conditioned on the local variance,

. The estimate of each component is then given by the
Wiener estimate

(47)

where is an estimate of the local variance estimated from the
group of coefficients .

The LAWMAP algorithm takes into account statistical depen-
dencies among neighboring coefficients by modeling the local
variance of each coefficient as a random variable. Specifically,
the local variance (the variance in a 3 3 square window for

Fig. 12. Comparison of LAWMAP estimator (49) and the Laplace-based esti-
mator (36).

example) is modeled as having an exponential distribution with
mean . The first step of the LAWMAP algorithm is the de-
termination of . The second step of the LAWMAP algorithm is
the estimation of the local variance , an estimate that depends
on . The estimate given in [45] is

(48)

The LAWMAP algorithm then comprises of (48) and (47). To
compare the LAWMAP processing rule with the MAP and
MMSE estimators developed in Sections IV-A and IV-B, we
can write the LAWMAP rule concisely as

(49)

This rule states how the norm of a group of signal values is mod-
ified if the rule were applied to each value in the coefficient
group. In practice, only the center signal value is modified —
specifically, the center value is multiplied by the ratio
(which will always be less than 1). Writing the LAWMAP esti-
mation rule in the form (49) makes clear how to compare it with
the estimation rules developed in Sections IV-A and B.

Fig. 12 illustrates the LAWMAP nonlinearity (49) for partic-
ular values of , and . Fig. 12 also illustrates the noniter-
ative approximate MAP estimation rule (36) derived from the
stationary multivariate Laplace model. As evident in the figure,
the nonlinear estimation rules of the two methods are similar.
Therefore, even though one method is based on a nonstationary
signal model, and the other method is based on a stationary
signal model, the estimation rules derived in each case exhibit
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TABLE I
RESULTS OF WAVELET-BASED IMAGE DENOISING USING THE APPROXIMATE

MMSE (37), LAWMAP (49), AND REXMAP (46) ESTIMATORS

similar behavior. However, note that the LAWMAP estimator
is different than the MMSE estimator (41) around the origin. In
particular, the MMSE estimator is not a threshold function (it
does not have a dead-zone) like the LAWMAP estimator.

This section has illustrated that the type of nonlinear pro-
cessing that can be derived from a nonstationary Gaussian
model can also be obtained from a stationary nonGaussian
model. Thus, we can avoid the need of a nonstationary model,
provided that a suitable nonGaussian model can be utilized
(for which noisy data fitting and estimator derivation are both
tractable). This provides an example that it is not always nec-
essary to use a nonstationary signal model in order to obtain
context-based or locally adaptive processing rules.

VII. RESULTS

In this section, we use the estimators described in this paper
for wavelet-based reduction of additive white Gaussian noise
in images. In this case, the nonlinear estimation rule is applied
to every neighborhood in the wavelet domain, the neighbor-
hoods being square, for example 3 3. In the scheme imple-
mented here, the resulting shrinkage is applied to estimate only
the middle coefficient of the neighborhood, and the noise vari-
ance is assumed to be known. The signal variance is esti-
mated for each subband of the wavelet transform by subtracting
the noise variance from the subband sample variance

where is the mean of the squares of the noisy wavelet
coefficients in the subband. Table I provides the PSNR results
for several images, noise levels, and neighborhood sizes, using
the noniterative approximate MMSE estimator (42) with (37),
denoted by MLAP-MMSE in the table. The table illustrates the
well-recognized gain achieved by processing coefficients as a
group rather than individually (using a 1 1 neighborhood).
Table I also tabulates the PSNR values for the LAWMAP
algorithm [45] for comparison, with which the proposed es-
timator performs comparably. Finally, Table I also provides

results for the REXMAP rule (46) which gives inferior perfor-
mance. There are several other wavelet-based image denoising
algorithms to which comparisons can be made; however, our
intention is the comparison with a similarly simple one-pass
algorithm designed to exploit intrascale dependencies. The
LAWMAP algorithm is similar to the new estimator in that it
estimates each coefficient using the coefficient’s neighborhood.
The estimators derived in this paper also accomplish that but
are derived using a stationary model rather than a nonstationary
one.

In our implementation of the MLAP-MMSE, LAWMAP,
and REXMAP denoising algorithms, we used a length-10
Daubechies symlet filter to implement a 3-level orthonormal
discrete wavelet transform with periodic boundary extensions
[19]. The PSNR values in Table I are obtained by averaging
over five realizations. The images are standard 8-bit test images
of size 512 512.

Because the Laplace density is only a one-parameter model
it can fit the histogram of the wavelet coefficients only approx-
imately. Thefore, we expect it to have limited effectiveness.
However, its performance in the image denoising test here does
surpass that of the one-parameter radial exponential density,
which supports the use of the multivariate Laplace density over
that one.

VIII. CONCLUSION

In this paper we have developed and compared the MAP
and MMSE estimators for spherically contoured multivariate
Laplace random vectors in additive white Gaussian noise. The
MMSE estimator is expressed in closed-form using the gen-
eralized incomplete gamma function, . We also find
a computationally efficient yet accurate approximation for the
MMSE estimator. In addition, we develop an expression for the
MSE for any estimator of spherically contoured multivariate
Laplace random vectors in AWGN, which again depends on

.
NonGaussian multivariate probability models generally lead

to nonlinear estimators, and therefore such an approach provides
a way to develop nonlinear signal processing rules. However,
often either the MAP estimator is employed because it is simpler
to derive, or numerical integration is required to implement an
MMSE estimator. This paper illustrates that for spherically con-
toured Laplace random vectors in AWGN, the MMSE estimator
is available in closed form and can be implemented efficiently.

Note that in practice, the signal of interest will likely not
follow a multivariate Laplace distribution exactly, in which
case the MAP estimator may yield a lower MSE than the
MMSE estimator. The results and figures in Section V are
based on the assumption that follows a multivariate Laplace
distribution, which, being a one-parameter distribution, is a
simple probability model. The extension of this work to a
two-parameter family of multivariate densities, for example the
multivariate Bessel K form density or the multivariate normal
inverse Gaussian (NIG), would provide a more flexible family
of nonlinear estimators.

In wavelet-based denoising, it is common to exploit statis-
tical dependencies between scales. In that case it is desirable to
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take into account the different variances of the wavelet coeffi-
cients in different scales. (Typically, wavelet coefficients at fine
scales have smaller variance than wavelet coefficients at coarse
scales.) To apply the multivariate Laplace model and MMSE es-
timator to that problem, it is desirable that a nonspherically con-
toured form of the density be used. In wavelet-based denoising,
it is also common to use redundant (overcomplete, or expansive)
transforms — they provide superior results compared to nonre-
dundant transforms. In that case, the noise in the wavelet do-
main will be correlated, as will be the signal components of the
wavelet coefficients. For this case, it will again be desirable that
a nonspherically contoured Laplace density, and corresponding
estimators, be used. Therefore, it will be of interest to extend
the results in this paper by developing an exact or approximate
MMSE estimator for general elliptically contoured Laplace den-
sities in additive correlated noise.

However, for the general elliptically contoured multi-
variate Laplace density (where the components have different
variances, or where there is nonzero correlation between
components) the derivations in this paper break down. The
simplification of the MMSE estimator using the generalized
incomplete gamma function does not appear to be possible.
We can however, obtain an implicit expression for the MAP
estimator as in (32), which can likewise be solved by successive
substitution; preliminary results are given in [56]. However,
recalling Fig. 10 and the related discussion, it can be predicted
that the MAP estimator will be a poor substitute for the MMSE
estimator. The development of an effective computationally ef-
ficient MMSE estimator for this case remains an open question.

APPENDIX A
BESSEL FUNCTIONS

The modified Bessel function of the second kind is defined as

(50)

For , there is a simple form for

(51)

The derivative of the Bessel function is given by

(52)

For large there is the approximation

(53)

For large there is also the approximation

(54)

APPENDIX B
GAUSSIAN PDFS AND CONVOLUTION

The following identities are used in the derivations. If the
random variables and are zero-mean Gaussian with variance

and respectively, then

(55)

(56)

(57)

APPENDIX C
DERIVATION OF MMSE ESTIMATOR

Using (9), the numerator of (39) is given by

(58)

where is given by (11) and is given by (8). The
inner integral can be manipulated similar to (23) — because
and are white Gaussian the multivariate integral is separable
and the inner integral can be obtained. It is the convolution of

and where both are Gaussian. Using (56)

(59)

Using (11) and (59) in (58) gives
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Changing the of variable of integration, using ,
gives

Rearranging gives

Using the generalized incomplete gamma function, we have

(60)

Using (26) and (60) in (39) gives the MMSE estimator of
in (40).

APPENDIX D
DERIVATION OF MSE

In the following, we find a formula for

(61)

The pdf is given by (26); the pdf is given by (9) and
(11) [equivalently (13)]; the pdf is given by (20).

Using (9), the numerator of (61) is given by

(62)

where is given by (11) and is given by (8). The
inner integral can be manipulated similar to (23) — because
and are white Gaussian the multivariate integral is separable
and the inner integral can be obtained. It is the convolution of

and where both are Gaussian. Using (57)

(63)

Using (11) and (63) in (62) gives

(64)

Changing the variable of integration, using ,
rearranging, and using the generalized incomplete gamma func-
tion, gives

(65)

Using (26) and (65) in (61) gives (45).
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