MULTIWAVELET BASES WITH EXTRA APPROXIMATION PROPERTIES

Ivan W. Selesnick

Polytechnic University, Electrical Engineering 6 Metrotech Center, Brooklyn, NY 11201-3840 selesi@radar.poly.edu, phone: (718) 260 - 3416, fax: (718) 260 - 3906

ABSTRACT Becausemultiwavelet basesnormally lack important properties traditional wavelet bases (of equal approximation order) possess, the discrete multiwavelet transform is less useful for signal processing, unless preceded by a preprocessing step. This paper examines properties of orthogonal multiwavelet bases, with approximation order > 1, that possess those properties normally absent. For these łbalancedž bases (after Lebrun and Vetterli) preőltering can be avoided. Using results regarding M− band wavelet bases, it has been found that balanced multiwavelet bases can be characterized in terms of the divisibility of certain transfer functions by powers of (z�^{2r} − 1)/(z�^1 − 1). The paper also presents a balanced version of the DGHM basis Ð the scaling functions are simultaneously symmetric, orthogonal and of compact support.

1. INTRODUCTION

Multiwavelet bases (wavelet bases based on multiple scaling functions) have been investigated for several years now. With this generalization, it is possible to construct orthogonal (real-valued) bases for which the scaling functions have compact support, approximation order greater than 1, and symmetry, which is not possible with traditional wavelet bases. This is demonstratedby the basis of Donovan, Geromino, Hardin and Massopust [2, 3].

It must be realized however, that traditional wavelet bases have several attributes that multiwavelet bases, of equal approximation order, do not normally possess. Consequently, a preőltering step is fundamentally more important for the discrete multiwavelet transform (DMWT), than is so for the traditional DWT. Accordingly, several authors have addressed the design of preőlters speciőcally for the DMWT [5, 13, 14]. One the other hand, it is also natural to investigate the design of multiwavelets, with speciőed approximation order, that do possessthose attributes normally absent. Lebrun and Vetterli addressed this topic and in [7, 8] coined the term łbalancedž multiwavelets.

The paper will examine balancedorthogonal multiwavelets and characterize them in terms of the scaling őlter coefőcients. For an orthogonal multiwavelet basis to be balanced (up to its approximation order), certain transfer functions must be divisible by powers of (z�^{2r} − 1)/(z�^1 − 1). The same divisibility condition arises in the case of M−band wavelet bases [6, 12].

This paper also presents a version of the DGHM basis that is balanced up to it approximation order K = 2; the scaling functions are simultaneously symmetric, orthogonal and of compact support.

2. PRELIMINARIES

A multiwavelet basis (of multiplicity r) is characterized by r scaling functions and r wavelet functions. The scaling space Vj is deőned by Vj = Span_k {ϕ0(2^j t − k), . . . , ϕr�1(2^j t − k)} and the wavelet space Wj is deőned by Wj = Span_k {ψ0(2^j t − k), . . . , ψr�1(2^j t − k)}. For wavelet bases based on a single scaling function (traditional wavelet bases), from the nesting condition Vj ⊂ Vj+1 the dilation equation is obtained. The same is true for multiwavelets: ϕ(t) = √ 2 ∑ n C0(n) ϕ(2t − n) is the matrix dilation equation where ϕ(t) = (ϕ0(t), ϕ1(t))^t for a multiplicity r = 2 multiwavelet basis. The sequence C0(n) is the matrix scaling őlter, an r−input r−output őlter. The notation for C0(n) used in this paper is [C0(n)]i,j = hi(nr + j). For example, when r = 2,

C0(0) = ( h0(0) h0(1) h1(0) h1(1) ) , C0(1) = ( h0(2) h0(3) h1(2) h1(3) ) , etc. In this case, there are two scaling őlters h0(n) and h1(n). In general there are r scaling őlters, and r wavelet őlters. The transfer functions Hi(z) are given by Hi(z) = ∑ n hi(n)z�^n.

2.1. Multiwavelet Filter Bank

As noted by Rieder et al [9, 10], the őlter bank associated with a multiwavelet basis can be drawn as a 4-channel scalar-valued őlter bank in Figure 1. In general, the 2-channel r−vector őlter bank associated with a multiwavelet basis of multiplicity r can be reorganized as a 2r− channel scalar őlter bank.

It follows that the orthogonality conditions for the multiwavelet őlter bank are the same as the orthogonality conditions for a 2r− channel scalar őlter bank. Here lies the similarity between multiplicity r multiwavelet őlter banks and 2r−channel őlter banks, the later being associated with M−band wavelet bases [6, 12]. The difference between these two systems lies in the way the őlter bank is iterated on the lowpass branch. For 4-band wavelet systems (1 scaling function with 3 wavelet functions), the őlter bank is applied again only to the őrst (lowpass) channel. In the multiwavelet case, the outputs of the őrst two channels are interlaced to form a single

-

  -

  -

  -

  -

H3(z)

H2(z)

H1(z)

H0(z)

-

-

-

-

↓ 4

↓ 4

↓ 4

↓ 4

-

-

-

-
 @

 @

   -

   -

x(n)

w0(n) v0(n)

-

-

-

-

↑ 4

↑ 4

↑ 4

↑ 4

-

-

-

-

H3(1/z)

H2(1/z)

H1(1/z)

H0(1/z)

          6

      ?h+ -

�`

�`

y(n)

w0(n) v0(n)

Figure 1: Filter bank associated with a (r = 2) multiwavelet basis, drawn as a 4-band scalar őlter bank with interlacing/de-interlacing.

scalar sequence, and the őlter bank is repeated on that single scalar sequence.

Unfortunately, the őlter bank associated with a multiwavelet basis does not inherit the zero moment properties of the basis, unless the basis satisőes additional properties. In other words, for multiwavelet bases, zero moments of the wavelets ψi(t) deőned on R, do not imply zero moments of the wavelet őlters hi(n) deőned on Z. Multiwavelet bases for which the zero moment properties do carry over to the discrete-time őlter bank are called balanced after Lebrun and Vetterli [7, 8].

2.2. Traditional 2-Channel Case

Consider őrst the iterated 2-channel őlter bank associated with the traditional orthogonal 2-band wavelet basis, illustrated in Figure 2. Suppose the basis has approximation order K: ∫ t^kψ(t)dt = 0, for k = 0, . . . , K−1. It follows, through the dilation equation, that if the input x(n) is a polynomial of degree k < K, x(n) ∈ PK�1, then w0(n) = 0 and v0(n) ∈ PK�1. The lowpass and highpass channels respectively preserve/annihilate polynomials. Consequently, wi(n) = 0 for all i ≥ 0. Except for the lowpass channel, all channels of the iterated őlter bank annihilate polynomials of degree k < K. This depends on both the preservation of PK�1 by the lowpass branch and the annihilation of PK�1 by the highpass branch.

2.3. The Multiwavelet Case

Consider now the multiwavelet case. Associated with a multiplicity r = 2 multiwavelet basis are 2 scaling őlters h0(n), h1(n) and 2 wavelet őlters h2(n), h3(n). The multiwavelet őlter bank is shown in Figure 1. Note that the outputs of the 2 scaling őlters are interlaced.

ffiflfflfi^{#2} ffiflfflfi^{#2} H(z)

F (z)

-

-

   -

   - -

      -

w_0(n) v_0(n)

- ffiflfflfi^{#2}

ffiflfflfi^{#2} H(z)

F (z)-

             -

             - -

                -

- w_1(n)

v_1(n)

Figure 2: Iterated őlter bank.

Suppose the multiwavelet basis has approximation order K: ∫ t^kψi(t) dt = 0 k = 0, . . . , K − 1; i = 0, 1. If the input x(n) is a polynomial of degree k < K, then generally v0(n) is not in PK�1 and w0(n) ≠ 0. The multiwavelet őlter bank neither preserves nor annihilates PK�1. In the multiwavelet case, for the preservation/annihilation of polynomials, it is not sufőcient that the moments of ψi(t) vanish.

Multiwavelet bases for which the associated őlter bank does preserve/annihilate polynomials of degree k < K are said to be order-K balanced.

2.4. Preőltering

For wavelet transforms based on a single scaling function, the preprocessing of the discrete data, (łpreőlteringž or łwavelet initializationž) is often omitted without consequence. However, because the multiwavelet őlter bank does not inherit the moment properties of the basis, a preőltering step is essential when using a multiwavelet transform. Although preőltering alleviates some of the problems, some reasons for wishing to avoid preőltering remain:

1. If the preőltering step does not constitute an orthogonal transform, then the orthogonality of the DMWT is łlostž.

2. If the preőlter is not symmetric, then the symmetry properties of the DMWT are łlostž.

3. The use of preőltering effectively increases the support of the basis functions, if the preőlter is more than a single coefőcient.

In light of these issues, it is natural to pursue the design of balanced multiwavelet bases. To obtain balanced bases, a characterization of them in terms of the scaling őlters will be convenient.

3. BALANCING CONDITIONS

From [11], the condition for order-1 balancing, for multiplicity r = 2 multiwavelet bases is

(z�3_{+ z}�2_{+ z}�1_{+ 1) divides H0(z) + H1(z).}

Order-1 balancedmultiwavelet őlter bankspreserve/annihilate constant signals.

From [11], the condition for order-2 balancing, for multiplicity r = 2 multiwavelet bases is

(z�3_{+z}�2_{+z}�1_{+1)}2_{divides H0(z) +}^{( 3 − z}�^4_2^)_{H1(z).}

Order-2 balancedmultiwavelets őlter banks preserve/annihilateramp and constant signals.

From [11], the condition for order-K balancingfor multiplicityr multiwavelet bases for general K and r, is ( z�2r_{− 1} z�1_{− 1} )_K divides r�1_∑ i=0 Qi(z^{2r}) Hi(z) (1) where Qi(z) = P r^{(K}�^{1)} (K − 1)! K�1_∑ l=0 (−1)^l (i + l r) ( K − 1 l ) z�l_{(2)} and P = i · (i + r) · (i + 2r) · · · (i + (K − 1) · r). (3)

In Table 1 we enumerate the condition for the őrst few K for the special case of r = 2 scaling functions. Note that in the special case r = 1, one retrieves the usual moment condition: (z�^1 +1)^K divides H0(z).

4. EXAMPLES

4.1. Short Support

In this example we consider orthogonal multiwavelet bases of approximation order 2, balancedup to their approximation order. Certainly Daubechies’ basis D2 provides such a solution. In that case h1(n) = h0(n − 2), ϕ0(t) = ϕD2(2t), and ϕ1(t) = ϕD2(2t − 1). For that solution, the length of h0(n) and h1(n) are both 4. However, there exists a balanced solution for which the length of h0(n) is less than 4, when the length of h1(n) is allowed to exceed 4. With h0(n) supported on {1, 2, 3}, the shortest length h1(n), for which a solution was obtained, was of length 8. The solution was obtained by forming the quadratic orthogonality constraints on hi(n) and the additional balancing conditions. The solutions to this system of nonlinear equations were then obtained using a lexical GrÈobner basis [1] (for the computation of which, the software Singular was employed [4]). The coefőcients can be found in [11]. The őlter bank associated with this order-2 balanced multiwavelet basis preserves/annihilates ramp and constant signals.

Figure 3: Order-2 balanced multiwavelet scaling functions. The supports of ϕ0(t) and ϕ1(t) are [0, 2] and [0, 3].

4.2. Balanced DGHM-Like Multiwavelet Bases

It is often desired, in image processing for example, that the scaling function of a wavelet basis be symmetric and have compact support. However, as is well known, except for the Haar basis, the scaling function ϕ(t) of an orthogonal wavelet basis can not have both symmetry and compact support. For this reason, the multiwavelet basis constructed by Donovan, Geromino, Hardin and Massopust [2, 3] is most interesting. Their orthogonal basis is based on 2 scaling functions and 2 wavelet functions, all of which have symmetry and compact support. The DGHM basis has order-2 approximation (2 moments of the wavelets vanish). However, it has order-0 balancing; the őlter bank associated with the DGHM basis does not even preserve/annihilate constant signals.

This section describes a DGHM-like basis balanced up to its approximation order K = 2. Like the DGHM basis

1. Both ϕ0(t) and ϕ1(t) are symmetric.

2. Both h0(n) and h1(n) are symmetric odd length (Type 1) FIR őlters.

3. h0(n) and h1(n) differ in length by 4.

The DGHM scaling őlters h0(n), h1(n) in [2, 3] are of lengths 3 and 7. Because balancing is a stronger condition than is approximation order, it can not be expected that order-2 balanced GHMlike scaling őlters are possible for these lengths. For these lengths (3,7), it is possible to increase the balance order by one, and decrease the approximation order by 1. The result is a system with order-1 approximation and order-1 balancing, shown in Figure 4.

By increasing the lengths to (7,11), it is possible to obtain a DGHM-like multiwavelet basis having oder-2 approximation and order-2 balancing, as illustrated in Figure 5. For the scaling őlter coefőcients, an algebraic solution in terms of radicals was obtained, again using GrÈobner bases. Note that the 2 scaling functions are very similar to one another. It is also interesting to note that the order-2 balanced DGHM-like basis possesses cusps. In the traditional 2-channel case, increasing the approximation order generally increases the smoothness of the basis functions. Apparently, for balanced DGHM-like bases, a different behavior emerges.

Figure 4: Symmetric order-1 balanced multiwavelet scaling functions. ϕ0(t) is symmetric around t = 0.5. ϕ1(t) is symmetric around t = 1. Accordingly, their supports are [0, 1] and [0, 2].

Table 1: Conditions on scaling őlters h0(n) and h1(n) for order-K balancing, for r = 2.

For order-1 balancing:

(z�3_{+ z}�2_{+ z}�1_{+ 1) divides H0(z) + H1(z).}

For order-2 balancing:

(z�3_{+ z}�2_{+ z}�1_{+ 1)}2_{divides H0(z) +}^( 3�z�^4_2^)_{H1(z).}

For order-3 balancing:

(z�3_{+ z}�2_{+ z}�1_{+ 1)}3_{divides H0(z) +}^( 15�10 z�^4+3 z�^8_8^)_{H1(z).}

For order-4 balancing:

(z�3_{+ z}�2_{+ z}�1_{+ 1)}4_{divides H0(z) +}^( 35�35 z�^4+21 z�^8�5 z�^{12}_{16}^)_{H1(z).}

Figure 5: Symmetric order-2 balanced multiwavelet scaling functions. ϕ0(t) is symmetric around t = 1.5. ϕ1(t) is symmetric around t = 2. Accordingly, their supports are [0, 3] and [0, 4].

5. CONCLUSION

This paper highlighted important differences between traditional wavelet and multiwavelet bases with equal approximation order. It was noted that multiwavelet baseslack properties traditional wavelet basespossess. Those properties are important for processingdiscretetime signals; with out them, the associated őlter bank fails to give efőcient representations of smooth signals. Although this problem can be partly overcome with appropriate preőlters, the paper described multiwavelets that do possessthe desired properties. In particular, a characterization of order-K balancedorthogonal multiplicityr multiwavelets was given in terms of the divisibility of a certain transfer function by powers of (z�^{2r} − 1)/(z�^1 − 1). The paper also presented a balanced version of the DGHM basis Ð the scaling functions are simultaneously symmetric, orthogonal and of compact support.

6. REFERENCES

[1] D. Cox, J. Little, and D. O’Shea. Ideals, varieties, and algorithms : an introduction to computational algebraic geometry and commutative algebra. Springer-Verlag, 1991.

[2] G. C. Donovan, J. S. Geronimo, D. P. Hardin, and P. R. Massopust. Construction of orthogonal wavelets using fractal interpolation functions. SIAM J. Math. Analysis, 27(4):1158ś 1192, July 1996.

[3] J. S. Geronimo, D. P. Hardin, and P. R. Massopust. Fractal functions and wavelet expansions based on several scaling functions. J. Approx. Theory, 78(3):373ś401, September 1994.

[4] G.-M. Greuel, G. Pőster, and H. SchÈonemann. Singular Reference Manual. In Reports On Computer Algebra, number 12. Centre for Computer Algebra, University of Kaiserslautern, May 1997. http://www.mathematik.unikl.de/∼zca/Singular.

[5] D. P. Hardin and D. W. Roach. Multiwavelet preőlters I: Orthogonal preőlters preserving approximation order p ≤ 2. Preprint, 1997.

[6] P. N. Heller. Rank M wavelets with N vanishing moments.

SIAM J. Math. Anal., 16(2):502ś519, 1995.

[7] J. Lebrun and M. Vetterli. Balanced multiwavelets theory and design. IEEE Trans. on Signal Processing, 46(4):1119ś1124, April 1998.

[8] J. Lebrun and M. Vetterli. High order balanced multiwavelets. In Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing (ICASSP), Seattle, May 12-25 1998.

[9] P. Rieder, J. GÈotze, and J. A. Nossek. Algebraic design of discrete wavelet transforms. Preprint, 1996.

[10] P. Rieder and J. A. Nossek. Smooth multiwavelets based on two scaling functions. In Proc. IEEE Int. Symp. on Time- Frequency and Time-Scale Analysis, pages 309ś312, Paris, June 18-21 1996.

[11] I. W. Selesnick. Multiwavelet bases with extra approximation properties. IEEE Trans. on Signal Processing, To appear. 1998.

[12] P. Steffen, P. Heller, R. A. Gopinath, and C. S. Burrus. Theory of regular M-band wavelet bases. IEEE Trans. on Signal Processing, 41(12):3497ś3511, December 1993.

[13] M. J. Vrhel and A. Aldroubi. Pre-őltering for the initialization of multi-wavelet transforms. In Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing (ICASSP), volume 3, pages 2033ś2036, Munich, April 21-24 1997.

[14] X.-G. Xia, J. S. Geronimo, D. P. Hardin, and B. W. Suter. Design of preőlters for discrete multiwavelet transforms. IEEE Trans. on Signal Processing, 44(1):25ś35, January 1996.